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In Außenhofer (2007) [4] it was shown that every kω group is a Schwartz group,
a generalization for abelian Hausdorff groups of the setting of a Schwartz topological
vector space. Here we strengthen the deﬁnition of a Schwartz group slightly – but strictly
– and introduce special Schwartz groups. We prove that they form, as Schwartz groups,
a Hausdorff variety and that this variety coincides with the Hausdorff variety generated by
all abelian locally kω groups.
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1. Introduction and notation
Schwartz spaces were introduced by Grothendieck in [14]. They form an important class of topological vector spaces;
e.g. every nuclear vector space is a Schwartz space. However, a normed space is a Schwartz space if and only if it is ﬁnite
dimensional. Recently, in [4], Schwartz groups have been deﬁned: An abelian Hausdorff group (G, τ ) is a Schwartz group, if
∀U ∈ U (G,τ )(0) ∃W ∈ U(G,τ )(0) ∃ a sequence of ﬁnite subsets (Fn) of G: ∀n ∈N, W ⊆ (1/n)U + Fn
where U(G,τ )(0) denotes the neighborhood ﬁlter at 0 in (G, τ ) and (1/n)U = {x ∈ U : kx ∈ U ∀1  k  n}. Analogously,
a Hausdorff topological vector space (V , τ ) is a Schwartz space if for every U ∈ U(V ,τ )(0) there exists W ∈ U(V ,τ )(0) and
a sequence (Fn) of ﬁnite subsets of V such that W ⊆ 1n U + Fn holds for all n ∈N.
Since for a radial subset X of a vector space (1/n)X is exactly 1n X , we obtain that a Hausdorff topological vector space
is a Schwartz group iff it is a Schwartz space.
Recall that a class C of topological groups is called a (Hausdorff ) variety, if it is closed under forming subgroups, arbitrary
products with the product topology and (Hausdorff) quotient groups. In [4, (4.3)], it was shown that every nuclear group
(a class of Hausdorff groups introduced by Banaszczyk in [5]) is a Schwartz group and:
Proposition 1.1. ([4]) The class of Schwartz groups forms a Hausdorff variety.
Further:
Proposition 1.2. ([4]) Every kω group is a Schwartz group.
E-mail address: lydia.aussenhofer@uni-passau.de.
1 The author was partially supported by MTM 2008-04599.0166-8641/$ – see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.11.058
L. Außenhofer / Topology and its Applications 159 (2012) 2248–2257 2249Jorge Galindo asked whether the Hausdorff variety generated by all kω groups coincides with the class of all Schwartz
groups. In this paper we study this question. In order to give an aﬃrmative answer, the deﬁnition of Schwartz groups must
be strengthened to special Schwartz groups (see 2.1) and locally kω groups, introduced in [12] must be considered.
Recall that a Hausdorff space (X, τ ) is called a kω space (or equivalently hemicompact k space) if there is a sequence
(Kn) of compact subsets of X such that X =⋃n∈N Kn and a subset C of X is closed iff C ∩ Kn is compact for all n ∈ N.
A Hausdorff topological group (G, τ ) is called a kω group if the underlying space is a kω space. Of course, every second
countable locally compact group is a kω group. However, the rational numbers Q endowed with the topology induced by
the real numbers, is a σ -compact space, but not a kω group. Indeed, it was shown in [22] that every kω space is Rai˘kov
complete. By Baire’s category theorem, the rational numbers cannot be Rai˘kov complete (and metrizable).
Proposition 1.3. ([10]) Every closed subgroup and every Hausdorff quotient group of a kω group is again a kω group.
Before presenting two other classes of kω groups, we need the following deﬁnitions: The character group G∧ of a topo-
logical group (G, τ ) is the set of all continuous homomorphisms (continuous characters) of the group in the torus T which
we will identify in the sequel with R/Z.
The free abelian topological group A(X) over a completely regular space X is algebraically the free abelian group Z(X)
endowed with a topology such that the canonical mapping η : X → Z(X), x 	→ ex is a homeomorphism and such that
the unique homomorphism which extends a continuous mapping f : X → H where H is an abelian topological group, is
continuous. Since they were introduced by Markov [17] they have been intensively studied, in particular also by Graev [13].
Example 1.4. The following groups are kω groups:
1. Character groups of metrizable groups endowed with the compact-open topology ([6] or [1, (4.7)]).
2. The free abelian topological group A(X) over a kω space is a kω group [16].
In the second section we introduce special Schwartz groups and prove that these groups form a Hausdorff variety which
strictly contains all Schwartz groups. In the third section the deﬁnitions of locally kω spaces and groups are recalled and it
is shown that the class of special Schwartz groups coincides with the Hausdorff variety generated by all abelian locally kω
groups. Afterwards, in the fourth section, deﬁnitions related to Schwartz and special Schwartz groups are studied, besides
others locally GTG groups and locally minimal group. An example is given of a topological vector space which is a Schwartz
group but not a special Schwartz group, which is locally minimal, but not locally GTG. Its completion is locally minimal but
not almost minimal. This gives negative answers to questions posed in [3].
In the last section we brieﬂy introduce special Schwartz spaces and close the article by posing several questions con-
cerning special Schwartz spaces.
2. Special Schwartz groups, ﬁrst properties
The sets (1/n)U := {x ∈ U : x,2x, . . . ,nx ∈ U } appearing in the deﬁnition of a Schwartz group need not form a neighbor-
hood basis at 0 of a group topology, even worse, given a 0-neighborhood U there is in general no coarsest group topology
such that U is a neighborhood.
Due to this fact, we introduce the following
Deﬁnition 2.1. An abelian Hausdorff topological group (G, τ ) is called a special Schwartz group if for every U ∈ U(G,τ )(0)
there exist
1. a (not necessarily Hausdorff) group topology σ ⊆ τ , such that
2. U ∈ U(G,σ )(0),
3. and a neighborhood W ∈ U(G,τ )(0), such that
4. W is precompact in (G, σ ) (i.e. W can be covered by ﬁnitely many translates of every non-empty open subset of
(G, σ )).
Proposition 2.2. Every topological group which is a special Schwartz group is a Schwartz group.
Proof. This follows from the fact that in any group topology σ in which U is a neighborhood of 0, also the sets (1/n)U are
neighborhoods of 0. 
Immediately from the deﬁnition we obtain
Proposition 2.3. Let H be an open subgroup of the abelian Hausdorff group G. Then H is a special Schwartz group iff G is a special
Schwartz group.
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Proof. Let (G, τ ) be a special Schwartz group. Fix a neighborhood U and let W and σ be as in Deﬁnition 2.1.
Let H be a subgroup of G . The sets U ∩ H , W ∩ H and the subgroup topology σ |H have the desired properties.
Assume now that H is a closed subgroup of G and denote by π : G → G/H the canonical projection. It is easy to check
that the sets π(U ), π(W ) and the quotient topology σ/H do the job in the quotient group.
Finally, assume that (Gi, τi) are special Schwartz groups where i ∈ I and I is a non-empty index set. Fix a ﬁnite subset
F ⊆ I and neighborhoods Ui of the neutral element where i ∈ F . Let σi and Wi be as in Deﬁnition 2.1. Deﬁne U :=∏
i∈F Ui ×
∏
i∈I\F Gi and W :=
∏
i∈F Wi ×
∏
i∈I\F Gi . Further, let σ denote the product topology induced by σi for i ∈ F
and the antidiscrete topology in the remaining coordinates. Then it is easy to check that W is a neighborhood of 0 in
(
∏
i∈I Gi, τ ) and that W is precompact in (
∏
i∈I Gi, σ ).
It is obvious that any group topologically isomorphic to a special Schwartz group is a special Schwartz group. 
Of course, the question arises whether every Schwartz group is a special Schwartz group. A negative answer to this
question will be given in the next example.
Example 2.5. Let G = 〈1[a,b[: 0  a < b < 1〉 denote the subgroup of L∞([0,1]) generated by the indicator functions over
half-open intervals. The mapping d : G × G → R, ( f , g) 	→ λ({x ∈ [0,1]: f (x) = g(x)}) where λ denotes the Lebesgue mea-
sure, deﬁnes a metric on G which turns G into a topological group.
For 0 < ε < 1 we deﬁne the neighborhood Bε := { f ∈ G: λ({ f = 0})  ε}. Obviously, (Bε)0<ε<1 forms a neighborhood
basis at 0. It is easy to see that (1/n)Bε = Bε for every n ∈N. This implies immediately that G is a Schwartz group.
In order to show that it is not a special Schwartz group, we need the following auxiliary result:
Suppose that a symmetric set W satisﬁes W + · · · + W︸ ︷︷ ︸
n times
⊆ Bε . Then
s := sup{δ > 0: ∃F ⊆ G ﬁnite such that Bδ ⊆ W + F } ε/n.
Assume that s > ε/n. For δ ∈]ε/n, s[, δ  1n , there exists a ﬁnite set F such that Bδ ⊆ W + F . Since F is ﬁnite, there exists
N ∈N such that max{‖ f ‖: f ∈ F } N where ‖ f ‖ denotes the (essential) supremum of f .
For 1  j  n consider the functions h j := 2nN · 1[( j−1)δ, jδ[ . They obviously belong to Bδ. By assumption, there are
functions f j ∈ F (not necessarily different) such that h j − f j ∈ W . Hence (h1+· · ·+hn)− ( f1+· · ·+ fn) ∈ W + · · · + W︸ ︷︷ ︸
n times
⊆ Bε .
For 0 x< nδ we have: (h1+· · ·+hn)(x) = 2nN and |( f1+· · ·+ fn)(x)|∑nj=1 | f j(x)| nN, which yields (h1+· · ·+hn)(x)−
( f1 +· · ·+ fn)(x) = 0. So d((h1 +· · ·+hn)− ( f1 +· · ·+ fn),0) nδ > ε. This contradicts (h1 +· · ·+hn)− ( f1 +· · ·+ fn) ∈ Bε
and proves the assertion.
Assume now that G is a special Schwartz group. This implies: For ε < 1 there exists a group topology σ ⊆ τ and δ > 0
such that Bε is a neighborhood in (G, σ ) and Bδ is precompact in (G, σ ). Since σ is a group topology, there exists for every
n ∈ N a symmetric neighborhood Wn ∈ U(G,σ )(0) such that Wn + · · · + Wn︸ ︷︷ ︸
n times
⊆ Bε . Since Bδ was assumed to be precompact
in (G, σ ), there exist ﬁnite sets Fn in G such that Bδ ⊆ Wn + Fn for all n ∈N.
The assertion above implies that δ  ε/n. Since n was arbitrary, we obtain δ = 0, which shows that G is not a special
Schwartz group.
3. The variety generated by all abelian (locally) kω groups
In this section we study the Hausdorff variety generated by all abelian locally kω groups (cf. 3.9) and prove that it
coincides with the class of special Schwartz groups.
First, we show that every kω group is a special Schwartz group. As we have seen in Example 2.5, roughly speaking, those
Schwartz groups whose neighborhoods U have the property, that ((1/n)U )n∈N fail to form a neighborhood basis of a group
topology, are not special Schwartz groups.
Deﬁnition 3.1 (Tarieladze). A symmetric subset A of an abelian group G is called a GTG set (Group Topology Generating set),
if the sets ((1/n)A)n∈N form a neighborhood basis of a (not necessarily Hausdorff) group topology.
An abelian topological group (G, τ ) is called a locally GTG group if it has a neighborhood basis at 0 consisting of GTG sets.
Proposition 3.2.
1. Every locally convex vector space is a locally GTG group.
2. Subgroups of locally GTG groups are locally GTG.
3. If U is a neighborhood such that ((1/n))U is a neighborhood basis at 0 for (G, τ ), then G is locally GTG. Hausdorff groups having
this property where introduced by Enﬂo in [9] and called UFSS group.
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every symmetric convex set is a GTG set.
2. If A ⊆ G is a GTG set in G and H is a subgroup of G , then (1/n)(A ∩ H) = (1/n)A ∩ H holds.
3. Trivially, (1/mn)U ⊆ (1/m)((1/n)U ) ⊆ (1/m)U for all m,n ∈ N. Since the family ((1/m)U )m∈N forms a neighborhood
basis at 0, (1/n)U is a GTG set. 
Remark 3.3. In [2] and [3] a detailed study of properties of GTG sets and locally GTG groups is contained. Besides other
results, it is observed there, that every locally quasi-convex group (a group analogue of locally convex spaces) is locally GTG,
even more, every quasi-convex set is a GTG set [3, (5.3)].
Remark 3.4. If A is a GTG set in a group G , then A∞ :=⋂n∈N(1/n)A is a subgroup of G .
Proposition 3.5. A locally GTG Schwartz group is a special Schwartz group.
Proof. Let (G, τ ) be a Schwartz group. Fix a neighborhood U of 0. Without loss of generality we may assume that U is a
GTG set. By assumption, there exists a neighborhood W of 0 in (G, τ ) such that W ⊆ (1/n)U + Fn for suitable ﬁnite subsets
Fn of G and all n ∈N. Since U is a GTG set, the family ((1/n)U )n∈N forms a neighborhood basis of a group topology which
we will denote by σ . It remains to observe that the inclusion W ⊆ (1/n)U + Fn exactly means that W is precompact in
(G, σ ). 
Corollary 3.6. Every nuclear group is a special Schwartz group.
Proof. According to (8.5) in [5], every nuclear group is locally quasi-convex and hence locally GTG, Remark 3.3. Theo-
rem (4.3) in [4] implies that every nuclear group is a Schwartz group. Combining both implications, the assertion follows. 
Proposition 3.7. For every completely regular space X, the free abelian group A(X) is locally GTG.
Proof. According to a result of Tkachenko and Uspenskij (Theorem 3 in [24] and [25], see also [18]), the canonical mapping
of the free abelian topological group A(X) into the free locally convex space L(X) is an embedding. Hence Proposition 3.2
(1) implies that A(X) is locally GTG. 
Proposition 3.8. For every kω space X, the free abelian topological group A(X) is a special Schwartz group.
Proof. According to Proposition 3.7, A(X) is locally GTG, so by Proposition 3.5, it is suﬃcient to prove that A(X) is a
Schwartz group. This was mentioned in Proposition 1.2 and proved in [4]. 
Locally kω groups were introduced in [12].
Deﬁnition 3.9. (Glöckner, Gramlich and Hartnick [12]) A Hausdorff topological group (G, τ ) is called a locally kω group if it
has an open subgroup which is a kω group.
Example 3.10.
1. Every kω group is a locally kω group.
2. Every discrete group is a locally kω group.
3. Every locally compact group is a locally kω group. [Every open subgroup generated by a compact neighborhood is a kω
group.]
4. The character group of a Cˇech-complete group endowed with the compact-open topology is locally kω ((7.1) in [12]).
Proposition 3.11. Every abelian locally kω group G is a special Schwartz group.
Proof. According to Proposition 2.3, it is suﬃcient to show that every abelian kω group is a special Schwartz group. So ﬁx
an abelian kω group G . According to Example 1.4 (2), A(G) is also a kω group and by Proposition 3.8 it is a special Schwartz
group. Since the class of special Schwartz groups forms a Hausdorff variety (by Proposition 2.4) and the canonical mapping
A(G) → G is a projection [17], the assertion follows. 
Notation 3.12. For a class T of Hausdorff abelian groups, we denote by V(T ) the smallest Hausdorff variety which con-
tains T .
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Theorem 3.13. (McPhail and Morris [19])
1. V({abelian kω groups}) = V(A([0,1])).
2. A discrete group D belongs to V({abelian kω groups}) iff D is countable.
3. A Banach space belongs to V({abelian kω groups}) iff it is ﬁnite dimensional.
Proposition 3.14. The Hausdorff variety generated by all abelian locally kω groups coincides with the Hausdorff variety generated by
all abelian kω groups and all discrete abelian groups.
Proof. By Example 3.10, it is clear that second variety is contained in the ﬁrst one. For the converse inclusion it is suﬃcient
to show that every abelian locally kω group is a quotient group of the product of a kω group and a discrete abelian group.
Therefore, let G be an abelian locally kω group with open kω subgroup H . Let F be a free abelian group which admits
a surjective homomorphism ϕ′ : F → G/H . Since F is free and hence projective, there exists a homomorphism ϕ : F → G
such that π ◦ϕ = ϕ′ where π : G → G/H denotes the canonical projection. Since F × H → G , (y, x) 	→ ϕ(y)+ x is a quotient
mapping, the assertion follows. 
Theorem 3.15. The Hausdorff variety V(abelian locally kω groups) coincides with the class of all special Schwartz groups.
For the proof, we need the following:
Lemma3.16. Let (G, τ ) be a special Schwartz group. For every neighborhood U of 0 there exists a locally kω group HU and a continuous
homomorphism ϕU : G → HU such that ϕU (U ) is a neighborhood w.r.t. ϕU (G) with the topology induced by HU and kerϕU ⊆ U .
Proof. Fix a neighborhood U of 0 in G . By the deﬁnition of a special Schwartz group, there exist a group topology σ on G
coarser than τ such that U is a neighborhood in (G, σ ) and a neighborhood W of 0 in (G, τ ) such that W is precompact
in (G, σ ). Consider the following canonical mappings:
ϕU : (G, τ ) → (G,σ ) →
(
G/{0}σ ,σ/{0}σ )→ (G˜/{0}σ , σ˜ /{0}σ )
where (G˜/{0}σ , σ˜ /{0}σ ) denotes the completion of the group (G/{0}σ ,σ/{0}σ ) and σ/{0}σ is the quotient topology of σ
with respect to the quotient of G modulo the closure of {0} in σ . We denote this topological group by GU .
It is clear that kerϕU = {0}σ ⊆ U , since U is a neighborhood of 0 in (G, σ ).
Since all the above homomorphisms are continuous and W is precompact in (G, σ ), ϕU (W ) is precompact in GU as
well. Let K denote the closure of ϕU (W ). Then obviously K is compact. Further, the canonical mapping A(K ) → GU is
continuous with image 〈K 〉. Endow now 〈K 〉 with the quotient topology induced by this mapping and declare 〈K 〉 to be an
open subgroup. So we obtain a new (stronger) group topology. (G˜/{0}σ , σ˜ /{0}σ ) endowed with this group topology will be
denoted by HU . It is clear that the identity HU → GU is continuous.
We want to show that ϕU : G → HU , x 	→ x+ {0}σ has the desired properties.
Observe ﬁrst that ϕU (W ) ⊆ K . Since K is a compact subset of HU , the topologies induced by HU and by GU coincide
on K and hence the restriction ϕU |W : W → HU is continuous, as ϕU (W ) ⊆ K . But ϕU is a homomorphism, which implies
that ϕU is continuous, since W is a neighborhood of 0 in (G, τ ).
Let us show next that ϕU (U ) is a neighborhood in ϕU (G) endowed with the topology induced by HU . Let U0 be an
open neighborhood of 0 in GU which satisﬁes U0 ∩ {x + {0}σ : x ∈ G} ⊆ {x + {0}σ : x ∈ U }. (This is possible, since U is a
neighborhood of 0 in (G, σ ) and hence {x+{0}σ : x ∈ U } is a neighborhood of 0 in G/{0}σ .) By the continuity of HU → GU ,
U0 is also an open neighborhood of 0 in HU .
Since A(K ) is a kω group and quotient groups of kω groups are again kω groups (by Proposition 1.3), it follows that 〈K 〉
is an open kω subgroup of HU and hence HU is a locally kω group. This completes the proof. 
Proof of 3.15. Since every discrete group and every kω group are special Schwartz groups and the class of all special
Schwartz groups forms a Hausdorff variety (by Proposition 2.4), we obtain from Proposition 3.14 that V({abelian locally kω
groups}) ⊆ Ss .
In order to prove the converse inclusion, it is suﬃcient to show that every special Schwartz group can be embedded into
a product of locally kω groups.
Let U be a neighborhood basis at 0 in (G, τ ). Consider the following mapping:
Φ : G →
∏
U∈U
HU , x 	→ ϕU (x)
with ϕU and HU as in the preceding lemma.
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sumed to be Hausdorff.
Finally, in order to show that Φ is an embedding, ﬁx a neighborhood U of 0 in (G, τ ). There is a symmetric neighborhood
U0 of 0 in (G, τ ) which satisﬁes U0 + U0 ⊆ U . Observe that
Φ(U ) ⊇ Φ(G) ∩ ϕU0(U0) ×
∏
V =U0
HV .
Indeed, ϕU0 (x) ∈ ϕU0 (U0) implies that x ∈ U0 + kerϕU0 ⊆ U0 + U0 ⊆ U . Taking into account that ϕU0 (U0) is neighborhood
of 0 in ϕU0 (G) the assertion follows. 
4. Special Schwartz groups with additional properties
As we have seen in the preceding section, every abelian (locally) kω group is a special Schwartz group. So the question
arises whether every abelian (locally) kω group G is locally GTG. This is not the case. In the following example we present a
kω group which is not locally GTG and minimally almost periodic (which means that only the trivial character is continuous).
First, we need the following
Lemma4.1. Let K be a connected space and let S be an equicontinuous subset of C(K ,R). For every ε > 0 and every pair (x, y) ∈ K ×K
there exists a natural number n ∈N0 and points x = x0, x1, . . . , xn = y in K such that | f (x j)− f (x j−1)| ε for all 1 j  n and for
all f ∈ S.
Proof. We deﬁne the following equivalence relation: x ∼ y iff there exists a natural number n ∈ N0 and points x =
x0, x1, . . . , xn = y in K such that | f (x j) − f (x j−1)|  ε for all 1  j  n and for all f ∈ S . Since S was assumed to be
equicontinuous, the equivalence classes are open and since K is connected, there exists exactly one equivalence class. 
Notation 4.2. Let (G, τ ) be a topological group. The character group G∧ endowed with the compact-open topology is a
topological group, which allows to form the bidual group G∧∧ := (G∧)∧ . We deﬁne αG : G → G∧∧, x 	→ αG(x) : χ 	→ χ(x).
This mapping is always a homomorphism.
Proposition 4.3. There exist abelian kω groups which are minimally almost periodic not locally GTG.
Proof. Let K be a compact Hausdorff space, then A(K ) is a kω group (by Example 1.4 (2)). Its character group can be
identiﬁed with C(K ,T) endowed with the compact-open topology via the mapping A(K )∧ → C(K ,T), χ 	→ χ |K [21,1,11].
It can be shown that C(K ,T) is topologically isomorphic to C(K ,R)/C(K ,Z)×π1(K ) where π1(K ) is the group of homo-
topy classes of continuous mappings K → T [21]. For the sake of simplicity, we consider a compact space with π1(K ) = {0}.
If K is additionally connected (e.g. a non-trivial compact real interval), we obtain C(K ,T) ∼= C(K ,R)/C(K ,Z) = C(K ,R)/〈1〉,
where 1 stands for the constant mapping K → Z, x 	→ 1.
The group, which will satisfy the above stated assertion is A(K )∧∧/A(K ). To prove this we have to determine the second
character group of A(K ). The character group of A(K )∧ = C(K ,R)/〈1〉 is {ψ ∈ C(K ,R)∧: ψ(〈1〉) = {0 + Z}}. According to
[23], the character group of a Banach space E can be identiﬁed with the dual space endowed with the compact-open
topology via the mapping E ′ → E∧ , ϕ 	→ (x 	→ ϕ(x) +Z).
We obtain that the second character group of A(K ) is topologically isomorphic to (C(K ,R)/〈1〉)∧ ∼= {ϕ ∈ C(K ,R)′:
ϕ(1) ∈ Z}. The image of the subgroup αA(K )(A(K )) under these topological isomorphisms consists of the integer linear
combinations of point evaluations
∑n
j=1 k j ev(x j) : C(K ,R)/〈1〉 → T, f + 〈1〉 	→
∑n
j=1 k j f (x j)+Z where k j ∈ Z. We denote
this subgroup by H .
Deﬁne G := {ϕ ∈ C(K ,R)′: ϕ(1) ∈ Z}/H ∼= A(K )∧∧/αA(K )(A(K )). Since A(K )∧ ∼= C(K ,T) is metrizable, the second char-
acter group A(K )∧∧ is a kω group ((4.7) in [1] or [6]). By Proposition 1.3, A(K )∧∧/αA(K )(A(K )) is a kω group. Hence G is a
kω group.
Next we shall show that G is not locally GTG:
There exists a continuous mapping f : K → R such that {0,4} ⊆ f (K ). Fix x, y ∈ K such that f (x) = 0 and f (y) = 4.
Since {ϕ ∈ C(K ,R)′: ϕ(1) ∈ Z, ϕ( f ) ∈ [−1,1]} is a neighborhood of 0 in {ϕ ∈ C(K ,R)′: ϕ(1) ∈ Z} endowed with the
compact-open topology, the set
U := {ϕ + H ∈ G: ϕ(1) = 0, ϕ( f ) ∈ [−1,1]}
is a neighborhood of 0 in G . Let us show that there does not exist any GTG neighborhood V contained in U . Assume
the contrary and suppose that V is a GTG neighborhood contained in U . There exists a compact subset S ⊆ C(K ,R) such
that {ϕ + H ∈ G: ϕ(1) = 0, ϕ(g) ⊆ [−1,1], ∀g ∈ S} ⊆ V . By the Arzela–Ascoli Theorem, S is equicontinuous. Hence, by
Lemma 4.1, there exist n ∈ N and a chain x = x0, . . . , xn = y such that |g(x j) − g(x j−1)| 1 for all g ∈ S . For all 1 j  n
the mappings ϕ j := 1 (ev(x j) − ev(x j−1)) belong to {ϕ ∈ C(K ,R)′: ϕ(1) ∈ Z}. Moreover, ϕ j + H ∈ V for 1  j  n. Since2
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j=1 ϕ j + H ∈ V∞ ⊆ V ⊆ U . But this is a contradiction, since 12 (ev(y)− ev(x))( f ) = 2 and hence 12 (ev(y)− ev(x))+ H /∈ U .
Next, we want to show that G is minimally almost periodic. It is suﬃcient to show that the group A(K )∧∧/αA(K )(A(K )),
which is topologically isomorphic to G , has this property.
To this end, we ﬁx a continuous character χ : A(K )∧∧/αA(K )(A(K )) → T.
Let π : A(K )∧∧ → A(K )∧∧/αA(K )(A(K )) denote the canonical projection. Then χ ◦ π ∈ (A(K ))∧∧∧ . But, according to
(13.15) in [1], A(K )∧ is reﬂexive and hence there exists ψ ∈ A(K )∧ such that χ ◦ π = αA(K )∧ (ψ). For any x ∈ G we have:
0 + Z = χ ◦ π(αA(K )(x)) = αA(K )∧ (ψ)(αA(K )(x)) = αA(K )(x)(ψ) = ψ(x), which implies that ψ is the trivial character. Hence
χ ◦π is the trivial character and since π is surjective, also χ is the trivial character, which had to be shown. 
Let us turn now to groups which satisfy a certain minimality property, which was introduced in [20].
Deﬁnition 4.4. A Hausdorff group (G, τ ) is called locally minimal if there exists a neighborhood U of 0 in (G, τ ) such that
there is no Hausdorff group topology σ on G strictly coarser than τ such that U is a neighborhood of 0 in (G, σ ). Such a
neighborhood U is called a distinguished neighborhood.
Any neighborhood contained in a distinguished neighborhood is also distinguished.
Recall that a topological group is called a NSS group if a suitable neighborhood U of 0 contains only the trivial subgroup.
Our next result generalizes the fact that every normed space which is a Schwartz space (and hence a special Schwartz group
by local convexity) is ﬁnite dimensional.
Proposition 4.5. Every locally minimal NSS special Schwartz group is locally precompact.
Proof. Let G be as above. Let U be a distinguished neighborhood. Without loss of generality we may assume that U contains
only the trivial subgroup. Since G is a special Schwartz group, there exists a group topology σ ⊆ τ such that U ∈ U(G,σ )(0)
and a neighborhood W ∈ U(G,τ )(0) which is precompact in (G, σ ). As U contains only the trivial subgroup and {0}σ ⊆ U ,
we obtain that σ is a Hausdorff group topology. Since G is locally minimal with distinguished neighborhood U , we have
σ = τ . Whence, the neighborhood W is precompact in (G, τ ). 
Next, we present an example of a Schwartz group which is locally minimal, NSS, but not locally precompact, in particular
not a special Schwartz group:
Example 4.6. We denote by R(N) := {(xn) ∈RN: xn = 0 for only ﬁnitely many n} and consider
‖ · ‖ :R(N) →R, (xn) 	→
∑
n1
|xn|1/n.
Since the sums are ﬁnite, this mapping is well deﬁned.
It is straightforward to check that ‖ · ‖ is an F -norm [15] which means that for all x, y ∈ R(N) the following conditions
hold:
1. ‖x‖ 0 and equality holds if and only if x = 0,
2. ‖λx‖ ‖x‖ for all |λ| 1,
3. limα→0 ‖αx‖ = 0, and
4. ‖x+ y‖ ‖x‖ + ‖y‖.
and hence the closed unit balls Bε = {x ∈ R(N): ‖x‖ ε} form a neighborhood basis of a topological vector space topology
which we will denote by τ [15].
Note that
for all x, x′ ∈R(N) with disjoint supports, we have ∥∥x+ x′∥∥= ‖x‖ + ∥∥x′∥∥. (∗)
Before stating several properties of (R(N), τ ), we recall the following deﬁnitions of minimality and almost minimality:
Deﬁnition 4.7. A Hausdorff group (G, τ ) is called minimal if there is no strictly coarser Hausdorff group topology on G .
A Hausdorff abelian group (G, τ ) is called almost minimal if there exists a closed minimal subgroup N of G and a
neighborhood U ∈ U(0) such that G/N is metrizable with neighborhood basis ((1/n)π(U )) where π : G → G/N denotes the
canonical projection.
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every almost minimal group is locally minimal and that every complete locally quasi-convex locally minimal group is almost
minimal. Conversely, an example was given of a precompact metrizable locally minimal group which is not almost minimal.
Theorem 4.9. The group (R(N), τ ) has the following properties:
1. (R(N), τ ) is a Schwartz group.
2. (R(N), τ ) is not a special Schwartz group.
3. (R(N), τ ) is not locally GTG.
4. (R(N), τ ) is NSS and not locally precompact.
5. (R(N), τ ) is locally minimal.
6. The completion of (R(N), τ ) is locally minimal but not almost minimal.
Proof. 1. We will show the following: for every 0< ε < 1 and every m ∈N there exists a ﬁnite subset Fm ⊆R(N) such that
Bε/2 ⊆ 1/mBε + Fm which is equivalent to mBε/2 ⊆ Bε +m · Fm . Since 1/mBε ⊆ (1/m)Bε (by property 2), this will show
that R(N) is not a Schwartz group.
Let nm :=  logmlog3/2 . For n nm we have m1/n  32 . Pick x = (xn) ∈ Bε/2,
‖mx‖ =
∑
n1
|mxn|1/n =
nm−1∑
n=1
|xn|1/nm1/n +
∑
nnm
|xn|1/nm1/n 
nm−1∑
n=1
|xn|1/nm1/n + 3
2
∑
nnm
|xn|1/n
︸ ︷︷ ︸
ε/2

nm−1∑
n=1
|xn|1/nm1/n
︸ ︷︷ ︸
mε/2
+3
4
ε.
Since there is a unique Hausdorff vector space topology on Rnm−1, the neighborhood Bmε/2 ∩ (Rnm−1 × {0}(N\{1,...,nm−1}))
is covered by ﬁnitely many translates of Bε/4 ∩ (Rnm−1 × {0}(N\{1,...,nm−1})), this means, there exists a ﬁnite subset F ⊆
Rnm−1 × {0}(N\{1,...,nm−1}) such that
Bmε/2 ∩
(
Rnm−1 × {0}(N\{1,...,nm−1}))⊆ Bε/4 ∩ (Rnm−1 × {0}(N\{1,...,nm−1}))+ F .
Combining the estimates with the above inclusion, and taking into account
Bε/4 ∩
(
Rnm−1 × {0}(N\{1,...,nm−1}))+ B3ε/4 ∩ ({0}nm−1 ×R(N\{1,...,nm−1})) (∗)⊆ Bε,
we obtain mBε/2 ⊆ Bε + F . So Fm := 1m F has the desired properties.
2. It suﬃces to show that for any group topology σ coarser than τ in which B1 is a neighborhood, no Bδ (δ > 0) is
precompact.
So suppose that σ ⊆ τ is a group topology, B1 ∈ U(R(N),σ )(0) and assume that Bδ is precompact w.r.t. σ for a suitable
δ > 0. Choose m ∈ N such that δ ·m > 1 and W ∈ U(R(N),σ )(0) such that W
m︷ ︸︸ ︷+· · ·+W ⊆ B1. By assumption, there exists a
ﬁnite set F such that Bδ ⊆ W + F . Fix n0 ∈ N such that for every y = (yk) ∈ F yn = 0 for all n  n0. The points δnen
belong to Bδ for all n ∈ N, in particular for all n  n0. Fix m different ones of them: x(1), . . . , x(m) . By assumption, there
exist w( j) ∈ W and y( j) ∈ F such that x( j) = w( j) + y( j) for 1  j m. We obtain: B1  w(1) + · · · + w(m) = x(1) + · · · +
x(m) − y(1) − · · · − y(m) which yields 1 ‖w(1) + · · · + w(m)‖ = ‖x(1) + · · · + x(m) − y(1) − · · · − y(m)‖ (∗) ‖x(1) + · · · + x(m)‖ (∗)=
‖x(1)‖ + · · · + ‖x(m)‖ =mδ > 1. This contradiction proves (2).
3. is an immediate consequence of (2) and Proposition 3.5. For the reader’s convenience, we give an alternative proof
here which does not make use of Schwartz and special Schwartz groups:
Suppose that U is a GTG neighborhood contained in B1. Then there exists ε > 0 such that Bε ⊆ U . Let 2ε < n ∈ N. It
is suﬃcient to prove that (1/m)U
n︷ ︸︸ ︷+· · ·+ (1/m)U  U for every natural number m. Therefor it is suﬃcient to verify that
(1/m)Bε
n︷ ︸︸ ︷+· · ·+ (1/m)Bε  B1 for every m ∈N. Fix m ∈N.
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√
m  2 for all k > n0. The element
∑n0+n
k=n0+1
εk
m ek
belongs to (1/m)Bε
n︷ ︸︸ ︷+· · ·+ (1/m)Bε , but∥∥∥∥∥
n0+n∑
k=n0+1
εk
m
ek
∥∥∥∥∥=
n0+n∑
k=n0+1
k
√
εk
m
=
n0+n∑
k=n0+1
ε
k
√
m

n0+n∑
k=n0+1
ε
2
= nε
2
> 1
as desired.
4. The ﬁrst assertion is obvious, since B1 contains only the trivial subspace. As (R(N), τ ) is a topological vector space, it
is not locally precompact, because every locally precompact topological vector space is ﬁnite dimensional.
5. We shall show the following stronger assertion: Any group topology σ on R(N) which is coarser than τ and satisﬁes
B1 ∈ U(R(N),σ )(0) coincides with τ .
Fix such a topology σ . Let (Wn) be a sequence of symmetric 0 neighborhoods in σ such that Wn+1 + Wn+1 ⊆ Wn
(n ∈ N) and W1 = B1. Then the intersection ⋂n∈N Wn is a subgroup contained in W1 = B1 and hence {0}. This shows that
σ is necessarily a Hausdorff topology.
In order to show that σ = τ , we use the following auxiliary results:
(i) For every n ∈ N, the mapping πn : (R(N), σ ) → R, (xk) 	→ xn where the reals are endowed with the usual topology, is
continuous.
We have πn(B1) ⊆ [−1,1] and hence, by induction, πn(Wm) ⊆ [− 12(m−1) , 12(m−1) ] for all m ∈N.
(ii) The truncation mappings (R(N), σ ) →Rn, (xk) 	→ (x1, . . . , xn) are continuous for every n ∈N and hence(
R(N), σ
)= (Rn × {0}(N\{1,...,n}), σ |Rn×{0}(N\{1,...,n}))⊕ ({0}n ×R(N\{1,...,n}), σ |{0}n×R(N\{1,...,n}))
holds for all n ∈N.
Since τ |Rn×{0}(N\{1,...,n}) is the unique vector space topology, which is locally compact and hence locally minimal [7], we
obtain σ |Rn×{0}(N\{1,...,n}) = τ |Rn×{0}(N\{1,...,n}) .
(iii) If Bε ∈ U(R(N),σ )(0), then also B3ε/4 ∈ U(R(N),σ )(0).
By assumption, there exists a symmetric neighborhood W ∈ U(R(N),σ )(0) such that W + W ⊆ Bε . We want to show
ﬁrst that there exists n0 ∈ N such that ({0}n0 × R(N\{1,...,n0})) ∩ W ⊆ Bε/2. Assume this is not the case. Then we can
ﬁnd a sequence (x(m))m∈N contained in W \ Bε/2 satisfying x(m)n = 0 for all 1  n m. We pick two elements of this
sequence with disjoint supports which we denote by x and y. Then ε = ε/2 + ε/2 < ‖x‖ + ‖y‖ (∗)= ‖x + y‖  ε, since
x+ y ∈ W + W ⊆ Bε . This contradiction proves the assertion.
According to (ii), there exists another neighborhood W ′ ∈ U(R(N),σ )(0) such that W ′ ∩Rn0 × {0}(N\{1,...,n0}) ⊆ Bε/4. Com-
bining our results, we obtain:
W ′ ∩ (Rn0 × {0}(N\{1,...,n0}))+ W ∩ ({0}n0 ×R(N\{1,...,n0}))⊆ B3ε/4.
Since by (ii), W ′ ∩Rn0 × {0}(N\{1,...,n0}) + W ∩ ({0}n0 ×R(N\{1,...,n0})) ∈ U(R(N),σ )(0), the assertion follows.
Applying (iii) and induction, we obtain σ = τ . Hence τ is the unique and in particular the coarsest group topology on
R(N) having B1 as a neighborhood. This shows that (R(N), τ ) is locally minimal with distinguished neighborhood B1.
6. It is a consequence of (3.7) in [3] that the completion of a locally minimal group is locally minimal. Of course, the
completion of (R(N), τ ) is a topological vector space and hence has no non-trivial compact subgroup. An abelian minimal
and complete subgroup must be compact (Prodanov–Stoyanov Theorem, cf. in [8]). So, a complete abelian group which
contains only the trivial compact subgroup is almost minimal iff there exists U ∈ U(0) such that ((1/n)U )n∈N forms a
neighborhood basis at 0. Since (R(N), τ ) is not locally GTG (3), the assertion follows. 
Remark 4.10. The example presented above also gives a negative answer to Question 6.2 in [2], namely whether every
abelian locally minimal group is locally GTG.
5. Special Schwartz spaces and open question
Recall that a Hausdorff topological vector space is called a Schwartz space if for every neighborhood U of 0 there exist
a neighborhood W of 0 and a sequence (Fn) of ﬁnite subsets such that W ⊆ 1n U + Fn holds for all n ∈ N. Observe further
that for a radial subset R of a vector space (i.e. tR ⊆ R for all |t| 1), we have (1/n)R = 1n R .
In analogy to special Schwartz groups we deﬁne:
Deﬁnition 5.1. A Hausdorff topological vector space (V , τ ) is called a special Schwartz space if for every neighborhood U of 0
there exist
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2. U ∈ U(V ,σ )(0),
3. σ ⊆ τ , and
4. a neighborhood W ∈ U(V ,τ )(0), such that
5. W is precompact w.r.t. σ .
As in the group case, we have:
Remark 5.2.
1. Every special Schwartz space is a Schwartz space.
2. The class of special Schwartz spaces forms a Hausdorff variety of vector spaces which means that this class of spaces
is closed under taking subspaces, arbitrary products and Hausdorff quotient spaces; further, any space topologically
isomorphic to a member of this class, also belongs to it.
3. Every locally GTG Schwartz space is a special Schwartz space. [It only has to be noted that if V is a locally GTG vector
space topology, then it has a neighborhood basis at 0 consisting of radial GTG sets.]
Example 5.3. The space (R(N), τ ) of Theorem 4.9 is a Schwartz group (and hence a Schwartz space), but not a special
Schwartz space.
Question 5.0.1.
1. Is every topological vector space which is a special Schwartz group a special Schwartz space?
2. In particular, is every topological vector space which is a kω space a special Schwartz space?
3. In particular, is every free topological vector space over a kω space a special Schwartz space?
4. Is the Hausdorff vector space variety of all special Schwartz groups generated by the special Schwartz spaces which are kω spaces?
5. Is the Hausdorff vector space variety of all special Schwartz spaces generated by F ([0,1]), the free topological vector space over
[0,1]?
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